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Abstract: Recently, the 7-sphere S 7 has been the subject of increased interest for mathematicians and theoretical 
physicists. In this paper we present integration algorithms of several different orders up to 19 which require no more 
than a few thousand points. In this respect, our formulae are highly superior to standard methods, e.g., Gaussian 
integration or the use of spherical t-designs. 
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0. Introduction 
A straightforward translation of the classical integration methods for spheres of small 
dimensions v - as there are Gaussian integration and averaging over optimal spherical t-designs 
introduced by Neutsch [6] and Neutsch et al. [7] - cannot be recommended for manifolds with 
higher dimension v since the required number of integration points increases rapidly with the 
dimension. 
For that reason more efficient formulae to evaluate integrals on S” have to be developed 
[5,8,10]. The most simple generalization of this “design integration”, where all points are equally 
weighted, is “lattice integration”, as discussed in Section 2. 
One possibility is to take the first few shells of an (v + l)-dimensional lattice as integration 
points and give them weights merely depending on the layer number. 
In this investigation we consider the case of greatest mathematical and physical importance, 
namely v = 7. It should be noted, however, that the same idea may be applied to other 
moderately large values of v. 
The 7-sphere has a number of unique mathematical properties and has been studied exten- 
sively during the last decades, mainly by field theorists. Best suited for integration on S7 is 
Gosset’s Es-lattice which is the simplest unimodular even lattice. In Section 1 we shall discuss its 
automorphism group and its invariant ring. 
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Later (Section 3) we derive a set of special integration formulae based on the Es-lattice. Their 
number might easily be enlarged, but for most practical applications the examples given here 
should be sufficient. 
1. The &lattice and its automorphism group 
As is well known [2], a lattice is called even if the norms of all vectors are even integers and 
unimodular if a fundamental domain has volume 1. 
Unimodular even lattices exist only in spaces whose dimensions v + 1 are multiples of 8. The 
most simple case thus is given by the Es-lattice r which is the unique example for v + 1 = 8 (up 
to isometries). 
After multiplication by 2 and a suitable choice of the coordinate basis, r consists of all integer 
vectors 
x = (Xi, x2, x3, x4, x5, x6~ x7, X8) E E8, 0.1) 
fulfilling the additional conditions: 
(1) that all coordinates xi are of the same parity (i.e., all even or all odd); 
(2) that the coordinate sum is divisible by 4. 
The type r(x) of a vector x in r is the integer 
r(x) = i(x, x). 0.2) 
We denote the set of all r-vectors of type n by I” and the set of unit vectors parallel to them by 
A n- 
T, is the root system of the largest exceptional simple complex Lie algebra E8 and consists of 
240 vectors [2]. These are either of the form 
(2, 2, 0, 0, 0, 0, 0, 0) (112 vectors), (1.3) 
or 
(1, 1, 1, 1, 1, 1, 1, 1) (128 vectors). (1.4) 
The vectors not displayed here are obtained by sign changes in an even number of places and/or 
arbitrary coordinate permutations. 
A list of the first 6 layers of r is given in Table 1. 
The automorphism group W of r is generated by the 120 reflections in the roots of r,, i.e., by 
the Euclidian transformations 
x+x-2(;‘x))r =x-$(r, x) r, 
r, r 
(1.5) 
where r E r,. 
W is a Coxeter group (cf. [3]). Thus its invariants form a finitely generated ring Inv( W) of 
rank 8 = dim r. 
From Coxeter theory, the degrees of the basic polynomials in Inv( IV) are 
(d,, d,, d,, d,, d,, ‘&, d,, d,) = (2, 8, 12, I4,I8, 20, 24, 30). 
The order of W is given by 
(1.6) 
( W 1 = d,d,d,d,d,d,d,d, = 214. 35. 52 ’ 7 = 696729600, 0 *7) 
Table 1 
n 
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vectors in r, # 
1 (2,2,0,0,0,0,0,0) 112 
Cl, 1, 1, 1, 1, 1,l) 128 
2 (4,0,0,0,0,0,0,0) 16 
(-3,~,1,1,~,1,1,1) 1024 
(2,2,2,2,0,0,0,0) 1120 
3 (4,2,2,0,0,0,0,0) 1344 
(3, 3,1,1,1,1,1,1) 3584 
(2,2,2,2,2,2,0,0> 1792 
4 (5,1,1,1,1,1,1,1) 1024 
(4,4,0,0,0,0,0,0) 112 
(4,2,2,2,2,0,0,0) 8960 
(3,3, 3,1,1,1,1,1) 7168 
(2,2,2,2,2,2,2,2) 256 
(6,2,0,0,0,0,0,0) 224 
C-5, 3,1,1,1,1,1,1) 7168 
(4,4,2,2,0,0,0,0) 6720 
(4,2,2.2,2,2,2,0) 7168 
(3, 3>3,3,1,1,1,1) 8960 
(6,2,2,2,0,0,0,0) 4480 
(5,3, 3,1,1,1,1,1) 21504 
(4>4,4,0,0,0,0,0) 448 
(4,4,2,2,2,2,0,0) 26880 
(3, 3,3,3, 3,1,1,1) 7168 
and the structure of the group itself is 
W=2200,+(2):2, (1.8) 
where we use the notation of [l]. 
Next we need a polynomial basis for Inv( W). 
Every set { Pi : i = 2, 8, 12, 14, 18, 20, 24, 30) of algebraically independent polynomials with 
degrees given by (1.6) will do, so we may choose them as follows: 
Pk= c (Y, x)". (1.9) 
rtr, 
Indeed, the Jacobian determinant 
D(x) = det( VP, T VP,, W,, VP,, , VP,, , VP,, , v&, VP,,), 
is a multiple of the product 
(1.10) 
(1.11) 
of the hyperplanes invariant under the 120 reflections in the roots of the &system (see [6] for 
the analogous 3-dimensional problem). 
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Since the ratio 
D(x)/n(x)= -10251840673205616770357170563746651072102400000000000000 
= -2s6. 320. 514. 75. l14. 132. 17.19.41 .61 .199 (1.12) 
does not vanish, the algebraic independence of the polynomials is shown. 
2. Lattice integration 
The idea of lattice integration consists of taking the union of finitely many normalized 
r-layers as integration points. For each layer A, we have to choose constant weights wk 2 0. 
The requirement of nonnegative weights is essential for numerical stability [4]. 
The integration formula attains the form 
U> = ji% (f)k, (2.1) 
where ( f), is the average of the function f to be integrated over I’,: 
(f )k = WJ’ c f(x). (24 
XEA, 
The cardinality of A,, or J-” is (cf. [2]): 
#A, = #r, = 240 &z), (2.3) 
where u3( n) is the sum of the third powers of the divisors of n. 
The first few values of #r,, are listed in Table 2. 
The degree of approximation of (2.1) is the largest number t for which all polynomials P in 8 
variables xi,. . . , x8 are integrated exactly, i.e., 
W = Ws2,. (2.4) 
A set of weights wi,..., wN will be called optimal if the degree t is as large as possible and if 
the integration error for the first N W-invariant polynomials (ordered with respect to increasing 
degrees) is minimized. 
By Sobolev [9], it suffices to consider only the invariant polynomials here, since the method 
then optimizes the accuracy of integration for all polynomials of the given degrees. 
3. Special integration formulae 
In this section we apply the procedure discussed in Section 2 to the first 6 layers. In a similar 
way we could easily go on to higher degree polynomials, but we think that this restriction is a 
Table 2 
n 1 2 3 4 5 6 7 8 9 10 
# rn 240 2160 6720 17520 30240 60480 82560 140400 181680 272160 
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reasonable compromise between the demands of numerical accuracy and computational effort 
due to the increasing number of integration points. 
The 6 lowest degree invariants (disregarding powers of Pz which are constant on a,) of W are 
(Fw.., F,) = (PO, Ps, 
This leads to the following linear 
5 wj(Fk)A,= CFk)Q~ 
j = 1 
p12, p14, PA 48). 
system of equations 
Inserting numerical values we get the matrix ( Fk)d,: 
240 240 240 240 
9984 7296 7936 547392 73 
531456 114816 1854464 10355568 9 73 
4208640 458880 31631360 47771520 27 73 
4110893568 99680256 53231616 62980096 73 
268492800 7340160 9884999680 1142253309 243 73 
and the transposed vector ‘(F,),: 
240 
977664 
125 
240 
22912 
3 
596216832 
3125 
485248 
3 
3342047232 
3125 
65357440 9 (3.3) 
81 
955826896896 524959744 
15625 9 
3005529022464 5243580800 
78125 243 
[ 240 7680 168960 878592 v 271564801. (3.4 
(3-l) 
(3.2) 
The weights for the Kth integration formula follow as the optimized solutions from the first K 
equations with regard to the conditions wj z 0 for j < K and w, = 0 for j > K. 
The coefficients for K = 1 . , . . ,6, the integration orders t and the required numbers of points 
are displayed in Tables 3 and 4. 
Table 3 
Table 4 
# of layers 1 2 3 4 5 6 
degree 7 11 11 15 15 19 
# of points 240 2400 8880 26640 56640 117360 
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